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We have obtained the supersymmetric extension of a spectral triple that specifies a noncommuta-
tive geometry. We assume that the functional spaceH consists of wave functions of matter fields
and their superpartners included in the minimum supersymmetric standard model (MSSM).
We introduce the internal fluctuations of the Dirac operator on the finite space as well as on
the manifold by elements of the algebra A in the triple. So, we obtain not only the vector
supermultiplets that mediate SU(3) ⊗ SU(2) ⊗ U(1)Y gauge degrees of freedom but also Higgs
supermultiplets that appear in the MSSM from the same standpoint. According to the super-
symmetric version of the spectral action principle, we calculate the square of the fluctuated total
Dirac operator and verify that the Seeley–DeWitt coefficients give the correct action of the vec-
tor and Higgs supermultiplets. We also verify that the relation between the coupling constants of
SU(3), SU(2), and U(1)Y is same as that of SU(5) unification theory.
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1. Introduction
Yang–Mills gauge theory, which provides the basis of the standard model of high-energy physics, and
general relativity theory have greatly succeeded in describing the basic interactions in our universe.
However, at the quantum level, they are difficult to unify due to the non-renormalizability of gravity.
The standard model coupled with gravity was derived on the basis of noncommutative geometry
(NCG) by Connes and his co-workers [1–4]. The framework of NCG is specified by a set called a
spectral triple (H,A,D) [5]. Here, A is a noncommutative complex algebra, acting on the Hilbert
spaceH, whose elements correspond to spinorial wave functions of physical matter fields.
The Dirac operatorD is a self-adjoint operator with compact resolvent that plays the role of metric
in the geometry. It consists of two parts, DM and DF , where DM is the part that acts on the mani-
fold and DF acts on the finite space. Higgs and gauge fields that mediate the basic interactions are
introduced from the same standpoint. The internal fluctuation of the Dirac operator is expressed as
follows:
D˜ = D + A + J AJ−1, A =
∑
ai [D, bi ], ai , bi ∈ A, (1)
where J is an antilinear isometry of A. The fluctuation A + J AJ−1 adds the gauge vector fields to
the operator DM = iγ μ∇μ ⊗ 1 and adds the Higgs fields to the operator DF [1,6].
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The action of the NCG model is obtained by the spectral action principle and is expressed by
〈ψ D˜ψ〉 + Tr( f (P)), (2)
where ψ is a fermionic field that is an element of H, and f (x) is an auxiliary smooth function on a
compact Riemannian manifold without boundary of dimension four. The second term of (2) is the
action of the bosonic part, i.e., the action of the non-Abelian gauge fields, Higgs fields, and gravity.
It depends only on the spectrum of the squared Dirac operator P = D˜2 [7].
But the standard model has various shortcomings [8], such as the hierarchy problem, and many
free parameters to be determined by experiments. So, in our previous papers [9,10], we extended
the spectral triple on the flat Riemannian manifold to a counterpart in the supersymmetric theory.
We derived the internal fluctuation of DM , the part of the Dirac operator acting on the manifold,
which induced a vector supermultiplet with U(N ) internal degrees of freedom. Using the modified
Dirac operator on the manifold, D˜M , we obtained a bilinear form similar to the first term in (2),
which represents the action of the chiral and antichiral supermultiplets of matter fields and their
superpartners. Following the supersymmetric version of the spectral action principle, we calculated
the Seeley–DeWitt coefficients due to D˜2M , and obtained the action of the vector supermultiplet.
In this paper, we assume that the functional space H is the space of wave functions of matter par-
ticles and their superpartners that appear in the minimum supersymmetric standard model (MSSM).
We introduce the internal fluctuation not only of DM but also of DF , the part of the Dirac operator
acting on the finite space. From the fluctuation ofDM , we obtain the vector supermultiplets that medi-
ate U(3) ⊗ U(2) ⊗ U(1) gauge degrees of freedom. We take out the U(1) from the U(3) and U(2)
and combine them with the other U(1) to produce a weak hypercharge. From the fluctuation of DF ,
we also obtain Higgs supermultiplets of the MSSM. The modified total Dirac operator is expressed
by iD˜tot = iD˜M ⊗ 1F + γM ⊗ D˜F , where γM is the Z/2 grading operator on the manifold and D˜F
is the modified Dirac operator on the finite space. We calculate the square of the modified total Dirac
operator P = (iD˜tot)2 and the Seeley–DeWitt coefficients due to P .
This paper is organized as follows. In Sect. 2, we review the supersymmetric extension of the
spectral triple that specifies NCG. Also, we define concretely the finite space, the algebra on the
finite space, and the total Dirac operator that we need to obtain the MSSM. In Sect. 3, we choose
fluctuations of the total Dirac operator to produce the vector and Higgs supermultiplets that appear
in the model. In Sect. 4, we calculate the Seeley–DeWitt coefficients due to P and verify that our
supersymmetric version of the spectral action principle gives all the correct terms of particles and
interactions in the Lagrangian of the MSSM. In the process, we will also obtain the relation between
the coupling constants of SU(3)C , SU(2)L , U(1)Y gauge degrees of freedom, which is same as that
of SU(5) unification theory.
2. The triple for MSSM
Let us start with reviewing the supersymmetric counterpart (H,A,D) [10] extended from the
spectral triple that specifies an NCG. The functional spaceH is the product denoted by
H = HM ⊗HF . (3)
The functional space HM on the the Minkowskian space-time manifold is the direct sum of two
subsets,H+ andH−:
HM = H+ ⊕H−, (4)
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where H+ is the space of chiral supermultiplets that include Weyl spinors that transform as the
(12 , 0) of the Lorentz group SL(2, C) and their superpartners and H− is the space of antichi-
ral supermultiplets that include spinors transforming as (0, 12) of SL(2, C). The elements are
expressed by
+ =
(
(+)i , 03
)T = (ϕ+(x), ψ+α(x), F+(x), 03)T ∈ H+, (5)
− =
(
03, (−)i¯
)T = (03, ϕ∗−(x), ψ¯ α˙−(x), F∗−(x))T ∈ H−. (6)
The Z2 grading γM on the spaceHM is given by
γM(+) = −i, γM(−) = i. (7)
A supersymmetric invariant product of wave functions ,  ′ is defined by
( ′, ) =
∫
 ′†0d4x, (8)
where  is expressed on the basis of
 =
(
+
−
)
= + + −, (9)
0 is given by
0 =
(
0 Γ0
Γ0 0
)
, Γ0 =
⎛⎜⎝0 0 10 −1 0
1 0 0
⎞⎟⎠ . (10)
The algebra AM = A+ ⊕A−, which acts onHM , consists of elements expressed by
ua =
(
(ua)i j 0
0 0
)
∈ A+, (ua)i j = 1
m0
⎛⎜⎝ ϕa 0 0ψaα ϕa 0
Fa −ψαa ϕa
⎞⎟⎠ , (11)
u¯a =
(
0 0
0 (u¯a)i¯ j¯
)
∈ A−, (u¯a)i¯ j¯ =
1
m0
⎛⎜⎝ϕ
∗
a 0 0
ψ¯ α˙a ϕ
∗
a 0
F∗a −ψ¯aα˙ ϕ∗a
⎞⎟⎠ , (12)
where {ϕa(ϕ∗a ), ψaα(ψ¯ α˙a ), Fa(F∗a )} is a chiral (antichiral) supermultiplet. We note that A± includes
the constant functions expressed by
1+ =
(
δi j 0
0 0
)
∈ A+, 1− =
(
0 0
0 δi¯ j¯
)
∈ A−. (13)
The Dirac operator that acts onHM is given by
DM = −i
(
0 D¯i j¯
Di¯ j 0
)
, (14)
where
Di¯ j =
⎛⎜⎝0 0 10 iσ¯ μ∂μ 0
 0 0
⎞⎟⎠ , D¯i j¯ =
⎛⎜⎝0 0 10 iσμ∂μ 0
 0 0
⎞⎟⎠ . (15)
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Let us consider the algebra AF expressed by
AF = C⊕H⊕ M3(C), (16)
where H is the space of quaternions and M3(C) is the space of 3 × 3 complex matrices. As the
representation space ofAF , we take the finite spaceHF , which is the space of labels denoting quarks
and leptons as follows:
Q AI =
(
(uL)A
(dL)A
)
I
, (u R)A, (dR)A, lI =
(
νL
eL
)
I
, eR, (17)
where A denotes indices on which 3 × 3 complex matrices act and I denotes those on which quater-
nions act. L and R denote that the eigenvalue of Z/2 grading γF is−1 and 1, respectively. The labels
of their antiparticles are also elements ofHF . They are expressed by
Qc =
(
(uc)R
(dc)R
)
=
(
(uL)
∗
(dL)∗
)
= Q∗,
(uc)L = (u R)∗, (dc)L = (dR)∗,
c =
(
(νc)R
(ec)R
)
=
(
(νL)
∗
(eL)
∗
)
= ∗, (ec)L = (eR)∗. (18)
We define the action of a ∈ AF for the quark sector as follows:
a
(
uL
dL
)
I
= q I ′I
(
uL
dL
)
I ′
, a
(
u R
dR
)
=
(
λm1 0
0 λm2
)(
u R
dR
)
, (19)
a
⎛⎜⎝QcAucA
dcA
⎞⎟⎠ =
⎛⎜⎝(m∗)A B 0 00 (m∗)A B 0
0 0 (m∗)A B
⎞⎟⎠
⎛⎜⎝QcBucB
dcB
⎞⎟⎠ , (20)
where λ ∈ C, q ∈ H, and m ∈ M3(C). When we denote the base of the quark sector as(
q
cq
)
, q = (Q, u R, dR)T , cq = (Qc, (u R)c, (dR)c)T , (21)
a is represented by a matrix given by
a =
⎛⎜⎜⎜⎜⎜⎜⎜⎝
q ⊗ 13
λm1 ⊗ 13 0
λm2 ⊗ 13
m∗ ⊗ 12
0 m∗
m∗
⎞⎟⎟⎟⎟⎟⎟⎟⎠
, (22)
where 13 denotes the unit matrix of M3(C), 12 is that of H, and mi are integers.
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For the lepton sector, we take the basis expressed by
(
l
cl
)
, l = (l, eR)T , c = (c, (ec)L)T , (23)
and define a as follows:
a =
⎛⎜⎜⎜⎝
q
λm3
0
0 1
1
⎞⎟⎟⎟⎠ . (24)
Equations (22) and (24) satisfy the addition and multiplication laws of the algebra. In order to
realize the structure of the algebra, e.g. in (22), q ∈ H acts only on the left-handed quark, while
m ∈ M3(C) acts only on anti-quarks. In the theory of NCG, this asymmetry is eliminated by adding
the term J AJ−1 to the fluctuation of the Dirac operator in Eq. (1). On the other hand, in our super-
symmetric theory on NCG, the elimination is performed by introducing the real structure JF and the
right action of the algebra AF for an element ofHF . The real structure JF is an antilinear isometry
ofHF . The action of JF for an element a ∈ AF is given by
a 
−→ JF a∗ J−1F . (25)
JF satisfies the following conditions:[
a, JF b∗ J−1F
]
= 0, ∀a, b ∈ AF , (26)[
[DF , a], JF b∗ J−1F
]
= 0. (27)
JF defines the right action of a ∈ AF for an element ofHF as follows:
F a
T = JF a∗ J−1F F , F ∈ HF . (28)
From (28), we see that the left action of a for the antiparticle determines the right action for the
particle and can be moved into the left action through JF . As an example, let us consider Q AI in
(17). From (22), the left and right actions of AF on Q are summarized by
Q′AI = q JI Q B J
((
JF m∗ J−1F
)T)B
A
= q JI m BA Q B J . (29)
The Dirac operator DF onHF is given for each label of s = u, d, e by
DF =
(
0 m†s
ms 0
)
, (30)
where ms is the mass matrix with respect to the family index.
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Table 1. The list of matter fields and the action of the algebra for them. The third col-
umn u(s)a1 denotes the actions of elements of the algebra moved from the antiparticle part
through the real structure JF . The ua with superscript [r ], r = 1l , 2, 3 are, respectively,
elements of C, H, andM3(C), and 1l(l = 1, 2, 3) distinguish the power ml of λml .
particle s element u(s)a0 u
(s)
a1 = JF u(s
c)
a J
−1
F
quark sector Qα(x) u[2]a = (q(x))JI ∈ H u[3]a = (m(x))BA ∈ M3(C)
uα˙R(x) u
[11]
a = λm1(x) ∈ C u[3]a
d α˙R(x) u
[12]
a = λm2(x) ∈ C u[3]a
lepton sector lα(x) u[2]a 1
eα˙R(x) u
[13]
a = λm3(x) ∈ C 1
In order to avoid fermion doubling [11,12], we impose the following condition:
γMγF = i, (31)
and extract the physical wave functions as follows:
for quarks
(+ ⊕ −) ⊗
⎛⎜⎝ uLdL
u R(dR)
⎞⎟⎠ γMγF=i−−−−→
⎛⎜⎜⎜⎜⎜⎝
(
+
0
)
⊗
(
uL
dL
)
(
0
−
)
⊗ u R(dR)
⎞⎟⎟⎟⎟⎟⎠ = quark, (32)
and for leptons
(+ ⊕ −) ⊗
⎛⎜⎝νLeL
eR
⎞⎟⎠ γMγF=i−−−−→
⎛⎜⎜⎜⎜⎜⎝
(
+
0
)
⊗
(
νL
eL
)
(
0
−
)
⊗ eR
⎞⎟⎟⎟⎟⎟⎠ = lepton. (33)
The actions of elements ofAF on the physical states are also elements ofAM = A+ ⊕A−. From
(22), (24), we summarize them in Table 1. In the table, u(s)a0 denotes the left action of the algebra
on the particle s = Q, u R(dR) and u(s)a1 is also the left action moved from the right action or the left
action on the antiparticle through JF . The matrix form of them on the basis of (32) is expressed by
Ua =
(
u
(Q)
a 0
0 u(u R(dR))a
)
∈ A+ ⊗AF , (34)
U¯a =
(
u¯
(Q)
a 0
0 u¯(u R(dR))a
)
∈ A− ⊗AF , (35)
where u(s)a , s = Q, u R(dR) are elements of A+ in the form of (11) and they are products of the left
action u(s)a0 and u
(s)
a1 in Table 1, while u¯
(s)
a are elements of A− in the form of (12) and are related to
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u
(s)
a as follows: (
Γ0u
(s)
a
)† = Γ0u¯(s)a . (36)
Constant elements of A± ⊗AF are also given by
1+ =
(
1(Q)+ 0
0 1(u R(dR))+
)
, 1− =
(
1(Q)− 0
0 1(u R(dR))−
)
, (37)
where 1(s)± denotes the matrix form of (13).
If we replace Q → l and u R(dR) → eR in (34), (35), (37), we obtain formulae for the lepton
sectors. Hereafter, we discuss the quark sector principally and obtain formulae for the lepton sector
through these replacements.
On the basis of (32), the total Dirac operators for the quark sector are given as follows:
iDtot = iDM ⊗ 1F + γM ⊗DF
=
⎛⎜⎜⎜⎝
0 D¯ 0 0
D 0 0 iM (u(d))†
−iM (u(d)) 0 0 D¯
0 0 D 0
⎞⎟⎟⎟⎠ , (38)
where M (u(d)) represents the doublet term that includes the mass of quarks expressed by
M (u) = (mu, 0) = yu(μ0, 0), M (d) = (0, md) = yd(0, μ0), (39)
where yu and yd are Yukawa matrices with regard to generation.
For the antiparticle sector, the total Dirac operator is given by
J iDtot J−1, (40)
where J = JM ⊗ JF is the real structure ofH = HM ⊗HF [10].
We note that, under the definition of the supersymmetric invariant product (8), iDtot has the
following hermiticity:
(0iDtot)† = 0iDtot. (41)
3. Internal fluctuation and vector and Higgs supermultiplets
In the theory of noncommutative geometry without supersymmetry, gauge fields and Higgs fields
are derived through internal fluctuation of a Dirac operator in the form expressed by∑
j
a j [D, b j ] +
∑
j
Ja j [D, b j ]J−1, a j , b j ∈ A. (42)
The second term of (42) is the fluctuation given by the elements of the algebra that act on the antipar-
ticle part and are transferred to the particle part through the real structure J . Gauge fields are derived
from the fluctuation of the Dirac operator that acts on the Riemannian manifold, while the Higgs
fields are given by that of the Dirac operator on the finite space.
We will consider extending these constructions to the supersymmetric version. One of the major
differences from the non-supersymmetric case is due to the fact that a Higgs supermultiplet has a
certain chirality, so that a fluctuation of the Dirac operator γM ⊗DF acts only on states with this
chirality.
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Using (34), (35), (37), (38), we obtain the following expressions:
U¯a[iDtot,Ua] =
⎛⎜⎜⎜⎜⎝
0 0
u¯
(Q)
ai¯ j¯D j¯ ku
(Q)
akl 0
0
0
0 0
u¯
(s)
ai¯ j¯D j¯ ku
(s)
akl 0
⎞⎟⎟⎟⎟⎠ , (43)
Ua[iDtot, U¯a] =
⎛⎜⎜⎜⎝
0 u(Q)ai j D¯ j k¯ u¯(Q)ak¯l¯
0 0
0
0 0 u
(s)
ai j D¯ j k¯ u¯(s)ak¯l¯
0 0
⎞⎟⎟⎟⎠ . (44)
Equations (43) and (44) give fluctuations only to iDM ⊗ 1F , so we will see later that this type of
fluctuations produces vector superfields. We also obtain another two expressions:
Ua[iDtot,Ua] − UaUa[iDtot, 1+] =
⎛⎜⎜⎝
0 0
−i
(
u
(s)
a M (u(d))u
(Q)
a − u(s)a u(s)a Mu(d)
)
i j
0
0 0
0
⎞⎟⎟⎠ ,
(45)
[iDtot, U¯a]U¯a − [iDtot, 1−]U¯aU¯a =
⎛⎜⎜⎝ 0
0 0
0 i
(
M (u(d))†u¯(s)a u¯
(s)
a − u¯(Q)a M (u(d))†u¯(s)a
)
i¯ j¯
0 0
⎞⎟⎟⎠ ,
(46)
where s = u R(dR). The non-zero elements of Eqs. (45) and (46) act on states with the chirality
γM = −i , γM = i , respectively and they give fluctuations only to γM ⊗DF so that this type of
fluctuation will produce Higgs superfields.
3.1. Vector supermultiplets
We introduce a set of elements of A in Table 1 expressed by
+ =
{
u[r ]a ; a = 1, 2, . . . , nr
}
⊂ A+ ⊗AF , (47)
− =
{
u¯[r ]a ; a = 1, 2, . . . , nr
}
⊂ A− ⊗AF , (48)
where r = 11, 12, 13, 2, 3 and u[r ]a , u¯[r ]a are in AM in the matrix form of (11), (12) and are in AF
expressed by the form in Table 1. The elements of + and − are chosen such that the products of
u′as and u¯′as do not belong to +,− any more.
We can define the gauge field A[r ]μ , gaugino λ
[r ]
α , and auxiliary field D[r ] of a vector supermultiplet
as follows [10]:
m20 A
[r ]
μ = i
∑
a
c[r ]a
[(
ϕ[r ]∗a ∂μϕ
[r ]
a − ∂μϕ[r ]∗a ϕ[r ]a
)
− iψ¯ [r ]aα˙ σ¯ α˙αμ ψ [r ]aα
]
, (49)
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m20 λ
[r ]
α = −
√
2i
∑
a
c[r ]a
(
F [r ]∗a ψ
[r ]
aα − iσμαα˙ψ¯ [r ]α˙a ∂μϕ[r ]a
)
, (50)
m20 D
[r ] = −
∑
a
c[r ]a
[
−2
(
∂μϕ[r ]∗a ∂μϕ
[r ]
a
)
+ i
{
∂μψ¯
[r ]
aα˙ σ¯
μα˙αψ [r ]aα − ψ¯ [r ]aα˙ σ¯ μα˙α∂μψ [r ]aα
}
+ 2F [r ]∗a F [r ]a
]
,
(51)
where c[r ] are the real coefficients. We show in Appendix A that these elements belong to
the adjoint representation of U(r) gauge symmetry. We can also define the other elements
(C [r ], χ [r ]α , M [r ], N [r ]) as follows:
m20 C
[r ] = −
∑
a
c[r ]a ϕ
[r ]∗
a ϕ
[r ]
a , (52)
m20 χ
[r ]
α = i
√
2
∑
a
c[r ]a ϕ
[r ]∗
a ψ
[r ]
aα , (53)
m20χ¯
[r ]α˙ = −i
√
2
∑
a
c[r ]a ψ¯
[r ]α˙
a ϕ
[r ]
a , (54)
m20 (M + iN )[r ] = 2i
∑
a
c[r ]a ϕ
[r ]∗
a F
[r ]
a , (55)
m20(M − iN )[r ] = −2i
∑
a
c[r ]a F
[r ]∗
a ϕ
[r ]
a . (56)
To choose the fields in (52)–(56) to be zero is the so-called Wess–Zumino (WZ) gauge and this
gauge is realized by the following condition [10]:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩
∑
a
c[r ]a ϕ
[r ]∗
a ϕ
[r ]
a = 0,∑
a
c[r ]a ϕ
[r ]∗
a ψ
[r ]α
a = 0,∑
a
c[r ]a ϕ
[r ]∗
a F
[r ]
a = 0.
(57)
From (11), (12), (15), (49)–(51), and the Wess–Zumino condition (57), we obtain the following
expressions:
∑
a
c[r ]ar u¯
[r ]
ai¯ k¯ Dk¯ u
[r ]
aj =
1
2
⎛⎜⎜⎝
0 0 0
−i√2λ¯[r ]α˙ σ¯ μα˙α A[r ]μ 0
−D[r ] − i∂μ A[r ]μ − 2iA[r ]μ ∂μ −i
√
2λ[r ]α 0
⎞⎟⎟⎠ ,
(58)
∑
a
c[r ]ar (ua)
[r ]
ik D¯k¯ (u¯a)[r ]¯ j¯ = −
1
2
⎛⎜⎜⎝
0 0 0
−i√2λ[r ]α σμαα˙ A[r ]μ 0
D[r ] − i∂μ A[r ]μ − 2iA[r ]μ ∂μ −i
√
2λ¯[r ]α˙ 0
⎞⎟⎟⎠ ,
(59)∑
ar ,ar ′
c[r ]ar c
[r ′]
ar ′ (u¯ar ar ′ )
[rr ′]
i¯ k¯ Dk¯l(uar ar ′ )
[rr ′]
j = −
1
2
A[r ]μ A
[r ′]μδi¯ 3¯δ j1, (60)
∑
ar ,ar ′
c[r ]ar c
[r ′]
ar ′ (uar ar ′ )
[rr ′]
ik D¯kl¯(u¯ar ar ′ )
[rr ′]
¯ j¯ = −
1
2
A[r ]μ A
[r ′]μδi3δ j¯ 1¯, (61)
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where u[rr
′]
ar ar ′ = u
[r ]
ar u
[r ′]
ar ′ and u¯
[rr ′]
ar ar ′ = u¯
[r ]
a u¯
[r ′]
a .
In Table 1, we see that the elements of algebra AF that act on the Qα field are functions in H and
M3(C). Let us assume that, in (34), u(u R(dR))a = 0 and the Ua are given by
U [r ]ar =
(
u
[r ]
ar 0
0 0
)
, U [r,r
′]
ar ar ′ =
(
u
[r ]
ar u
[r ′]
ar ′ 0
0 0
)
, r, r ′ = 2, 3. (62)
The fluctuation of D, D¯ that produces a vector supermultiplet is given by
V = 2
3∑
r=2
∑
ar
c[r ]ar U¯
[r ]
ar
[
iDtot,U [r ]ar
]
+ 2
3∑
r=2
3∑
r ′=2
∑
ar ,ar ′
c[r ]ar c
[r ′]
ar ′ U¯
[rr ′]
ar ar ′
[
iDtot,U [rr ′]ar ar ′
]
− 2
3∑
r=2
∑
ar
c[r ]ar U
[r ]
ar
[
iDtot, U¯ [r ]ar
]
+ 2
3∑
r=2
3∑
r ′=2
∑
ar ,ar ′
c[r ]ar c
[r ′]
ar ′ U
[rr ′]
ar ar ′
[
iDtot, U¯ [rr ′]ar ar ′
]
=
⎛⎜⎜⎜⎝
0 (V¯ (Q)WZ )i j¯
(V (Q)WZ )i¯ j 0
0
0 0
⎞⎟⎟⎟⎠ . (63)
Hereafter, for simplicity, we abbreviate the upper index [r ] of c[r ]a in (63). Using (58)–(61), the
modified D and D¯ by these fluctuations amount to
D˜Q = D + V (Q)WZ =
⎛⎜⎜⎝
0 0 1
−i√2λ¯(Q)α˙ iσ¯D(Q)μ 0
D(Q)μ D(Q)μ − D(Q) −i
√
2λ(Q)α 0
⎞⎟⎟⎠ , (64)
˜¯DQ = D¯ + V¯ (Q)WZ =
⎛⎜⎜⎝
0 0 1
−i√2λ(Q)α iσD(Q)μ 0
D(Q)μ D(Q)μ + D(Q) −i
√
2λ(Q)α˙ 0
⎞⎟⎟⎠ , (65)
where D(Q)μ is the covariant derivatives
D(Q)μ = ∂μ − iA(Q)μ , A(Q)μ = A[2]μ + A[3]μ , (66)
and
λ(Q)α = λ[3]α + λ[2]α , D(Q) = D[3] + D[2]. (67)
The elements of AF that act on the u R(dR) field are functions in C and M3(C). If we choose that
u
[Q]
a = 0 and that the Ua are given by
U [r ]ar =
(
0 0
0 u[r ]ar
)
, U [r,r
′]
ar ar ′ =
(
0 0
0 u[r ]ar u
[r ′]
ar ′
)
, r, r ′ = 11(12), 3, (68)
instead of (64) and (65), we obtain the following expressions:
D˜s =
⎛⎜⎝ 0 0 1−i√2λ¯(s)α˙ iσ¯D(s)μ 0
D(s)μ D(s)μ − D(s) −i
√
2λ(s)α 0
⎞⎟⎠ , ˜¯Ds =
⎛⎜⎝ 0 0 1−i√2λ(s)α iσD(s)μ 0
D(s)μ D(s)μ + D(s) −i
√
2λ(s)α˙ 0
⎞⎟⎠ ,
(69)
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where s = u R(dR) and
A(s)μ = A[3]μ + A[11(12)]μ , λ(s)α = λ[3]α + λ[11(12)]α , D(s) = D[3] + D[11(12)]. (70)
We show the details of the above operations in Appendix A.
As for D˜s , ˜¯Ds in the lepton sector, we again obtain the same form as (69). On the other hand, their
vector supermultiplets corresponding to (70) mediate U(2), U(1) internal degrees of freedom for
s = l, s = eR , respectively.
The internal symmetry corresponding to u(s)a0 and u
(s)
a1 in Table 1 amounts to U(3) × U(2) × U(1).
In order to construct a unified theory, we relate the U(1) included in the U(2), U(3) to the U(1)
induced by the fluctuations due to u
[1 j ]
a , j = 1, 2, 3 in Table 1. In Appendix B, we provide the
process to construct a vector supermultiplet that mediates the combined U(1) corresponding to a
weak hypercharge. Thus, the internal symmetry given by the fluctuation of DM turns out to be
SU(3)C × SU(2)L × U(1)Y , which is the gauge symmetry of the MSSM.
3.2. Higgs supermultiplets
The fluctuation for γM ⊗DF is given by (45) and (46). Taking the commutativity of M (u(d)) and u[3]a
into account, the non-vanishing elements for the quark sector are given by
1
2
H¯′u(d) =
∑
a
c′a
[
u¯[2]a M
(u(d))†u¯[11(2)]a − M (u(d))†u¯[11(2)]a u¯[11(2)]a
]
, (71)
1
2
H′u(d) =
∑
a
c′a
[
u
[11(2)]
a M (u(d))u[2]a − u[11(2)]a u[11(2)]a M (u(d))
]
. (72)
The total Dirac operator modified by the fluctuations that have appeared up to the present in the quark
sector is given by
iD˜tot =
⎛⎜⎜⎜⎜⎝
0 ˜¯DQ 0 0
D˜Q 0 0 iy†s′ H¯ ′s′
−iys′ H ′s′ 0 0 ˜¯Ds
0 0 D˜s 0
,
⎞⎟⎟⎟⎟⎠ , (73)
where s = u R(dR), s′ = u(d) and
H ′u = (μ0 0) +H′u, H ′d = (0, μ0) +H′d , (74)
H¯ ′u =
(
μ0
0
)
+ H¯′u, H¯ ′d =
(
0
μ0
)
+ H¯′d . (75)
The concrete form of the Higgs supermultiplet is given by
H¯ ′u =
(
μ0
0
)
+ 2μ0
∑
a
c′a
[(
u¯
(0)
2a − iu¯(3)2a
u¯
(2)
2a − iu¯(1)2a
)
u¯[11]a −
(
1
0
)
u¯[11]a u¯
[11]
a
]
. (76)
11/28
PTEP 2015, 013B01 M. Shimojo et al.
Here, setting ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
1 + 2
∑
a
c′a
(
u¯
(0)
2a u¯
[11]
a − u¯[11]a u¯[11]a
)
= v¯(0)u ,
2
∑
a
c′au¯
(2)
2a u¯
[11]
a = v¯(3)u ,
2
∑
a
c′au¯
(3)
2a u¯
[11]
a = v¯(2)u ,
2
∑
a
c′au¯
(1)
2a u¯
[11]
a = v¯(1)u ,
(77)
Eq. (76) can be expressed by
H¯ ′u = μ0
(
v¯
(0)
u − iv¯(3)u
v¯
(2)
u − iv¯(1)u
)
=
(
(H0u )∗
−(H+u )∗
)
, (78)
so that
Hu =
(
H+u
H0u
)
, H¯ ′u = (iτ2)H∗u , (79)
which constructs an isospin doublet. In the same way, we obtain that
Hd =
(
H0d
H−d
)
, (80)
where
H¯ ′d = μ0
(−v¯(2)d − iv¯(1)d ,
v¯
(0)
d + iv¯(3)d
)
=
(
(H−d )
∗
−(H0d )∗
)
= (iτ2)H∗d , (81)
H ′u = μ0
(
v(0)u + iv(3)u v(2)u + iv(1)u
)
=
(
H0u − H+u
)
= H Tu (−iτ2), (82)
H ′d = μ0
(
−v(2)d + iv(1)d v(0)d − iv(3)d
)
=
(
H−d − H0d
)
= H Td (−iτ2), (83)
and (H0u )∗, (H−u )∗ are expressed by
(H0u )
∗ = 0 H0†u 0, (H−u )∗ = 0 H−†u 0. (84)
The elements of Hu, Hd construct chiral multiplets as follows:
Hu =
⎛⎜⎝ hu 0 0h˜uα hu 0
Fu −h˜αu hu
⎞⎟⎠ , hu =
(
h+u
h0u
)
, Hd =
⎛⎜⎝ hd 0 0h˜dα hd 0
Fd −h˜αd hd
⎞⎟⎠ , hd =
(
h0d
h−d
)
. (85)
4. Spectral action
Here, using the modified total Dirac operator (73), we express the action of the kinetic terms of chiral
and antichiral supermultiplets and their minimum interaction with vector supermultiplets including
gauge fields and Higgs supermultiplets. Let s+ = (ϕs, ψsα, Fs) and s− = (ϕ∗s , ψ¯ α˙s , F∗s ) denote
chiral and antichiral supermultiplets that represent wave functions of matter particles and their super-
partners. With the definition of the supersymmetric invariant product (8), the action with regard to
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the chiral and antichiral supermultiplets is given by
Imatter =
∑
k
(k, iD˜totk) =
∫
M
d4x(Lkinetic + Lmass), (86)
where k denotes the physical wave function defined in (32), (33) and the sum runs over k =
quark, lepton. Lkinetic and Lmass are expressed, respectively, by
Lkinetic =
∑
s=Q,l
(
ϕ∗sD(s)μ D(s)μϕs − iψ¯s σ¯ μD(s)μ ψs + F∗s Fs + i
√
2
(
ϕ∗s λ
(s)ψs − ψ¯sλ(s)ϕs
)
−ϕ∗s D(s)ϕs
)
+
∑
s=u R,dR,eR
(
ϕsD(s)μ D(s)μϕ∗s − iψsσμD(s)μ ψ¯s + FTs F∗s
−i
√
2
(
ϕsλ(s)ψ¯s − ψsλ(s)ϕ∗s
)
+ ϕs D(s)ϕ∗s
)
, (87)
Lmass =
∑
s=u,d,e
(−iys)(s−)∗H ′ss+. (88)
On the other hand, in the noncommutative geometric approach, the action of the vector and Higgs
supermultiplets will be given by the supersymmetric version of the Seeley–DeWitt coefficients of
heat kernel expansion of the elliptic operator P:
T rL2 f (P) 
∑
n≥0
cnan(P), (89)
where f (x) is an auxiliary smooth function on a smooth compact Riemannian manifold without
boundary of dimension four, similar to the non-supersymmetric case. Since the contribution to P
from the antiparticles is the same as that of the particles, we consider only the contribution from the
particles. Then we take the total Dirac operator iD˜tot that acts on the particle part ofH and transform
it by the Wick rotation [10]. The operator P in our case is given by the square of the Wick-rotated
Dirac operator. We expand P into the following form:
P = (iD˜tot)2 = ημν∂μ∂νI+ Aμ ∂μ + B. (90)
The non-vanishing an for n in the flat space are given by [13]
a0(P) = 116π2
∫
M
d4x trV (I), (91)
a2(P) = 116π2
∫
M
d4x trV (E), (92)
a4(P) = 132π2
∫
M
d4x trV
(
E
2 + 1
3
E
μ
;μ +
1
6
μν
μν
)
, (93)
where E and the bundle curvature μν in the flat space are defined as follows:
E = B− (∂μωμ + ωμωμ), (94)
μν = ∂μων − ∂νωμ + [ωμ,ων], (95)
ωμ = 12Aμ. (96)
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In (91)–(93), trV is the trace over the internal and spin degrees of freedom. We note that the trace
over the spin degrees of freedom is the supertrace [10] defined by
StrO =
∑
i
〈i |(−1)2s O|i〉
=
∑
b
〈b|O|b〉 −
∑
f
〈 f |O| f 〉. (97)
Since the number of degrees of freedom of the fermionic sector is equal to that of the bosonic sector,
a0(P) in (91) vanishes.
The square of the total Dirac operator for the quark sector (73) is given by
(iD˜tot)2 =
⎛⎜⎜⎜⎜⎝
˜¯DQD˜Q 0 0 D14
0 D˜Q ˜¯DQ D23 0
0 D32 ˜¯DsD˜s 0
D41 0 0 D˜s ˜¯Ds
⎞⎟⎟⎟⎟⎠ , (98)
where
D14 = iy†s′
⎛⎜⎜⎝
F ′∗s′ −h˜′∗s′α˙ h′∗s′
−i√2λ(Q)α h′∗s′ + iσμαα˙D(Q)μ h˜′∗α˙s′ iσμαα˙D(Q)μ h′∗s′ 0
D(Q)μ D(Q)μh′∗s′ + D(Q)h′∗s′ − i
√
2λ¯(Q)α˙ h˜
′∗α˙
s′ −i
√
2λ¯(Q)α˙ h′
∗
u 0
⎞⎟⎟⎠ , (99)
D41 = −iys′
⎛⎜⎜⎝
F ′s′ −h˜ ′αs′ h′s′
−i√2λ¯(s)α˙h′s′ + iσ¯ μα˙αD(s)μ h˜′s′α iσ¯ μα˙αD[s]μ h′s′ 0
D(s)μ D(s)μh′u − D(s)h′s′ − i
√
2λ(s)α h˜′
s′α −i
√
2λ[u R]αh′s′ 0
⎞⎟⎟⎠ , (100)
D23 = iy†s′
⎛⎜⎜⎜⎜⎜⎜⎜⎝
0 0 h′∗s′
−i√2h′∗s′ λ¯(s)α˙ h′∗s′
(
i∂μ + A(s)μ
)
σ¯ μα˙α h˜′∗α˙
s′
h′∗s′D(s)μ D(s)μ − h′∗s′ D(s) + i
√
2h˜′∗
s′α˙ λ¯
(s)α˙ −h˜′∗
s′α˙
(
i∂μ + A(s)μ
)
σ¯ μα˙α F ′∗
s′
−i√2h′∗s′λ(s)α
⎞⎟⎟⎟⎟⎟⎟⎟⎠
,
(101)
D32 = −iys′
⎛⎜⎜⎜⎜⎜⎜⎜⎝
0 0 h′u
−i√2h′s′λ(Q)α h′s
(
i∂μ + A(Q)μ
)
σ
μ
αα˙ h˜′s′α
h′s′D(Q)μ D(Q)μ + h′s D(Q) + i
√
2h˜′α
s′ λ
(Q)
α −h˜′αs′
(
i∂μ + A(Q)μ
)
σ
μ
αα˙ F
′
s′
−i√2h′s′ λ¯(Q)α˙
⎞⎟⎟⎟⎟⎟⎟⎟⎠
,
(102)
where s = u R(dR), s′ = u(d).
In the expansion (90), ωμ = 12Aμ describes the gauge connection and does not have off-diagonal
elements of (98), because it does not act on the finite space HF . So the non-diagonal elements that
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include differential operators belong to B and we obtain the following expressions:
E41 = (B− ∂μωμ − ωμωμ)41 = B41 = D41,
E32 = B32 = D32, E23 = B23 = D23, E14 = B14 = D14. (103)
We note that the field strength μν also does not have non-diagonal elements.
In the previous paper [10], we have already obtained the heat kernel expansion coefficients an(P)
due to (iDM)2 ⊗ 1F. We denote these coefficients as a(M)n and we have found that a(M)0 and a(M)2
vanish. The action for the gauge fields and its superpartners in the MSSM comes from a(M)4 and is
given by
Igauge = 16π2 f0
∫
M
dx4a(M)4
= f0
∫
M
dx4
∑
s
Tr
[
2D(s)2 − 4λ¯(s)
β˙
σ¯ μβ˙β
(
D(s)μ λ(s)β
)
− F (s)μν F (s)μν
]
, (104)
where s = Q, u R, dR, l, eR; Fμνs is the field strength of the gauge field acting on the matter particle
that s indicates; and Tr is the trace over the internal degrees of freedom.
Here, we rescale the vector supermultiplet with SU(3) and SU(2) gauge degrees of freedom as
follows: (
Aμ[3], λ[3]α , D
[3]
)
→ g3
(
Aμ3 , λ3α, D3
) = 8∑
p=1
g3
(
Aμ(p)3 , λ
(p)
3α , D
(p)
3
) λp
2
, (105)
(
Aμ[2], λ[2]α , D
[2]
)
→ g2
(
Aμ2 , λ2α, D2
) = 3∑
p=1
g2
(
Aμ(p)2 , λ
(p)
2α , D
(p)
2
) τp
2
, (106)
where λp, τp denote Gell-Mann and Pauli matrices, respectively. For the vector supermultiplet with
reference to weak hypercharge defined in Appendix B, we rescale those as
Ys
2
(Bμ, λα, D) → Ys2 (g1 A1μ, g1λ1α, g1 D1). (107)
The field strength is expressed by
Fjμν = ∂μ A jν − ∂ν A jμ − ig[A jμ, A jν]. (108)
Since A(Q)μ = g3 A3μ + g2 A2μ + g1 12 × 13 A1μ and Tr(λpλq) = Tr(τpτq) = 2δpq , the contribution
of F (Q)μν to the action is given by
TrF (Q)μν F
(Q)μν = 2 × 1
2
g23
∑
j
F ( j)3μν F
( j)μν
3 + 3 ×
1
2
g22
∑
j
F ( j)2μν F
( j)μν
2 + 6 ×
1
4
(
1
3
)2
g21 F1μν F
μν
1 .
(109)
On the r.h.s. of (109), the factors 2, 3, 6 come from the fact that the left-handed quark Q transforms
as (3,2) under the gauge group SU(3) × SU(2). In the same way, we obtain that∑
s=u R,dR
Tr
(
F (s)μν F
(s)μν
)
= 2 × 1
2
g23
∑
j
F ( j)3μν F
( j)μν
3 + 3 ×
1
4
((
4
3
)2
+
(
−2
3
)2)
g21 F1μν F
μν
1 ,
(110)∑
s=l,eR
Tr
(
F (s)μν F
(s)μν
)
= 1
2
g22
∑
j
F ( j)2μν F
( j)μν
2 +
1
4
(2 × (−1)2 + 1 × (−2)2)g21 F1μν Fμν1 . (111)
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The sum of (109), (110), and (111) amounts to
f0
∑
s
Tr
(
F (s)μν F
(s)μν
)
= 2 f0
⎛⎝g23 ∑
j
F ( j)3μν F
( j)μν
3 + g22
∑
j
F ( j)2μν F
( j)μν
2 +
5
3
g21 F1μν F
μν
1
⎞⎠ .
(112)
Normalizing the Yang–Mills terms to −14 F
( j)
nμν F
( j)μν
n gives:
g23 = g22 = 53 g21, 2 f0g23 = 14 . (113)
Already identified in Ref. [7], this expression is same as that of SU(5) grand unification theory.
The non-diagonal elements of (98) produce the Higgs Lagrangian. Let us calculate
trV ((E2)Higgs) = Str(
∑
i, j Ei jE j i ). Using (99)–(102), we obtain the result as follows:
‖ys‖−2Str (E14E41) = ‖ys‖−2Str (E23E32) = ‖ys‖−2Str (E32E23) = ‖ys‖−2Str (E41E14)
= F ′s F ′∗s −
(
∂μh′s + ih′s A[Hs ]μ
) (
∂μh′∗s − iA[Hs ]μh′∗s
)
− ih˜′αs σμαα˙
(
∂μh˜′∗α˙s − iA[Hs ]μ h˜′∗α˙s
)
+ i
√
2
(
h˜′αs λ[Hs ]α h′∗s − h′s λ¯[Hs ]α˙ h˜′∗α˙s
)
+ h′s D[Hs ]h′∗s , (114)
where s = u(d),
A[Hu ]μ = A(Q)μ − A(u R)μ , λ[Hu ]α = λ(Q)α − λ(u R)α , D[Hu ] = D(Q) − D(u R), (115)
A[Hd ]μ = A(Q)μ − A(dR)μ , λ[Hd ]α = λ(Q)α − λ(dR)α , D[Hd ] = D(Q) − D(dR), (116)
and
diag y†s ys = diag ys y†s =
(
|(ys)11|2, |(ys)22|2, |(ys)33|2
)
, (117)
Tr y†s ys = Tr ys y†s
=
∑
i
|(ys)i i |2 ≡ ‖ys‖2. (118)
Taking the lepton sector into account, the supersymmetric action of Higgs fields that interact with
vector superfields is given by
IHiggs = 4 f0
∑
s=u,d,e
‖ys‖2
(
F ′s F
′∗
s −
∣∣∣D[Hs ]μ h′s∣∣∣2 − ih˜′αs σμαα˙D[Hs ]μ h˜′∗α˙s
+i
√
2
(
h˜′αs λ[Hs ]α h′∗s − h′s λ¯[Hs ]α˙ h˜′∗α˙s
)
+ h′s D[Hs ]h′∗s ,
)
= 1
8g23
y2u
(
F ′u F
′∗
u −
∣∣∣D[Hu ]μ h′u∣∣∣2 − ih˜′αu σμαα˙D[Hu ]μ h˜′∗α˙u
+i
√
2
(
h˜′αu λ[Hu ]α h′∗u − h′u λ¯[Hu ]α˙ h˜′∗α˙u
)
+ h′u D[Hu ]h′∗u ,
)
+ 1
8g23
(y2d + y2e )
(
F ′d F
′∗
d −
∣∣∣D[Hd ]μ h′d ∣∣∣2 − ih˜′αd σμαα˙D[Hd ]μ h˜′∗α˙d
+i
√
2
(
h˜′αd λ
[Hd ]
α h′∗d − h′d λ¯[Hd ]α˙ h˜′∗α˙d
)
+ h′d D[Hd ]h′∗d ,
)
, (119)
where we have used (113). Then we have obtained all the terms of the correct Lagrangian that gives
the MSSM.
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5. Conclusions
In this paper, we have defined the “triple” extended from the spectral triple that leads to the standard
model on NCG. As the functional space, we have taken chiral and antichiral supermultiplets that
correspond to matter fields and their superpartners in the MSSM. We have introduced the algebraA
and the total Dirac operator iDtot = iDM ⊗ 1 + γM ⊗DF in the flat space-time, which acts on the
functional space H = HM ⊗HF . We have considered the internal fluctuations induced by the ele-
ments ofA. The fluctuation of iDM ⊗ 1 generates vector supermultiplets. The vector supermultiplets
mediate U(3) ⊗ U(2) ⊗ U(1) gauge degrees of freedom. We have taken out the U(1) from the U(3),
U(2) and combined the other U(1) to obtain U(1) of weak hypercharge so that the gauge degrees
of freedom amount to those of the MSSM, SU(3)C × SU(2)L × U(1)Y , and each matter particle is
distributed to adequate quantum numbers. On the other hand, the fluctuation of γM ⊗DF generates
supermultiplets that transform as Higgs fields of the MSSM.
Following the supersymmetric version of the spectral action principle, we have calculated the
square of the modified total Dirac operator and Seeley–DeWitt coefficients of heat kernel expan-
sion. From the coefficient a(M)4 , we have obtained the action of vector supermultiplets of the MSSM.
Normalizing the coefficients of the squared field strength of each of the SU(3)C , SU(2)L , U(1)Y
gauge fields to the same value, we have found the relation between coupling constants, which is
same as that of SU(5) grand unification theory. We have also verified that the coefficient due to non-
diagonal elements of the Dirac operator gives the action of the Higgs supermultiplets and we have
arrived at the correct whole action of the MSSM.
All formulae in this paper are established in flat space. We are now preparing the theory in which
the total Dirac operator in the curved Riemannian space is assumed in order to take gravity into
account. It will give the supersymmetric version of the noncommutative geometric view of unifying
the gravity and gauge and Higgs fields.
Funding
Open Access funding: SCOAP3.
Appendix A. Vector supermultiplet with U(r) gauge symmetry
In this appendix, we will see that, choosing suitable components of (34), (35), we can construct the
vector supermultiplet in (49)–(51) that mediates the U(r) gauge degrees of freedom.
A.1. U(3)
In this case, the elements of AM ⊗AF are 3 × 3 matrix-valued functions (u[3]a (x))BA ∈ A+ ⊗AF
and (u¯a(x)[3])BA ∈ A− ⊗AF , where A, B = 1, 2, 3. They act on the internal degrees of freedom of
quarks B = 1, 2, 3 and can be expressed in matrix form as follows:
(
u[3]a
)B
A
=
∑
k=0,1,...,8
u
(k)
3a (x)
(
λk
2
)B
A
, (A1)
(
u¯[3]a
)B
A
=
∑
k=0,1,...,8
u¯
(k)
3a (x)
(
λk
2
)B
A
, (A2)
where λk are Gell-Mann matrices.
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The internal fluctuation due to (u[3]a )BA and (u
[33]
ab )
B D
AC = (u[3]a )BA(u[3]a )DC is given by
(
V [3]WZ
)C
i¯ j A
= 2
∑
a
ca
[(
u¯[3]a
)
i¯ k¯
]A′
A
Dk¯
[(
u[3]a
)
j
]C
A′
+ 2
∑
a,b
cacb
[(
u¯
[33]
ab
)
i¯ k¯
]A′B′
AB
Dk¯
[(
u
[33]
ab
)
j
]BC
A′ B′
. (A3)
Substituting (A1), (A2), the fluctuation due to the part of (u[3]a )BA is obtained by
(
V [3]i¯ j
)C
A
= 2
∑
a
ca
[(
u¯[3]a
)
i¯ k¯
]
A
B Dk¯
[(
u[3]a
)
j
]C
B
= 2
∑
a
ca
⎧⎨⎩ ∑
p=0,...,8
(
u¯
(p)
3a
)
i¯ k¯
Dk¯
(
u
(p)
3a
)
j
1√
6
(
λ0
2
)C
A
+
8∑
u=1
⎡⎣(u¯(0)3a )i¯ k¯ Dk¯ (u(u)3a )j 1√6∑p=1
+
(
u¯
(u)
3a
)
i¯ k¯
Dk¯
(
u
(0)
3a
)
j
1√
6
+
∑
p,t,=1,...,8
1
2
(
u¯
(p)
3a
)
i¯ k¯
Dk¯
(
u
(t)
3a
)
j
(i f ptu + dptu)
⎤⎦(λu
2
)C
A
⎫⎬⎭ ,
(A4)
where we use the following formulae:
λ0 =
√
2/3 diag(1, 1, 1), (A5)
[λp, λt ] = 2i f ptuλu, {λp, λt } = 2dptuλu + 43δpt (p, t, u = 1, . . . , 8). (A6)
From (11), (12), and (15), the product of u¯a ,D,ua is given by
u¯ai¯ k¯ Dk¯ uaj =
1
m20
⎛⎜⎝ϕ∗a 0 0ψ¯ α˙a ϕ∗a 0
F∗a −ψ¯aα˙ ϕ∗a
⎞⎟⎠
i¯ k¯
⎛⎜⎝0 0 10 iσ¯ μ∂μ 0
 0 0
⎞⎟⎠
k¯
⎛⎜⎝ ϕa 0 0ψaα ϕa 0
Fa −ψαa ϕa
⎞⎟⎠
j
= 1
m20
⎛⎜⎜⎝
ϕ∗a Fa −ϕ∗aψαa ϕ∗aϕa
ψ¯aα˙ Fa + iϕ∗a σ¯ μα˙α∂μψaα −ψ¯ α˙a ψαa + iσ¯ μα˙αϕ∗a∂μϕa ψ¯ α˙a ϕ
F∗a Fa − iψ¯aα˙ σ¯ μα˙α∂μψaα + ϕ∗aϕa −F∗a ψαa − iψ¯aα˙ σ¯ μα˙α∂μϕa F∗a ϕa
⎞⎟⎟⎠ .
(A7)
In the same way as (A7), we obtain the following formulae:
∑
a
ca
(
u¯
(p)
3a
)
i¯ k¯
Dk¯
(
u
(t)
3a
)
j
= 1
2
⎛⎜⎝ 0 0 0−i√2λ¯3(p,t)α˙ σ¯ μα˙αG(p,t)μ 0
−D(p,t)3 − i∂μG(p,t)μ − 2iG(p,t)μ ∂μ −i
√
2λ(p,t)α3 0
⎞⎟⎠ ,
(A8)
G(p,t)μ =
i
m20
∑
a
ca
(
ϕ
(p)∗
3a ∂μϕ
(t)
3a − ∂μϕ(p)∗3a ϕ(t)3a − i ψ¯(p)3a σ¯ μψ(t)3a
)
, (A9)
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λ
(p,t)
3α = −
√
2
i
m20
∑
a
ca
(
F (p)∗3a ψ
(t)
3aα − iσμαα˙ψ¯(p)α˙∗3a ∂μϕ(t)3a
)
, (A10)
D(p,t)3 = −
1
m20
∑
a
ca
[
2F (p)∗3a F
(t)
3a − 2
(
∂μϕ
(p)∗
3a ∂μϕ
(t)
3a
)
+i
{
∂μψ¯
(p)
3aα˙ σ¯
μα˙αψ
(t)
3aα − ψ¯(p)3aα˙ σ¯ μα˙α∂μψ(t)3aα
}]
, (A11)
where we use the Wess–Zumino condition∑
a
ca
(
ϕ[3]∗a ϕ
[3]
a
)C
A
=
∑
a
ca
(
ϕ[3]∗a ψ
[3]α
a
)C
A
=
∑
a
ca
(
ϕ[3]∗a F
[3]
a
)C
A
= 0. (A12)
Substituting (A8) into (A4), we obtain the following formulae:(
V [3]i¯ j
)C
A = 2
∑
a
ca
[(
u¯[3]a
)
i¯ k¯
]B
A Dk¯
[(
u[3]a
)
j
]C
B
=
∑
p=0,...,8
⎛⎜⎜⎝
0 0 0
−i√2λ¯3(p)α˙ σ¯ μα˙αG(p)μ 0
−D(p)3 − i∂μG(p)μ − 2iG(p)μ ∂μ −i
√
2λ(p)α3 0
⎞⎟⎟⎠ (λp2
)C
A
, (A13)
where
G(0)μ =
1√
6
∑
p=0,...,8
G(p,p)μ , (A14)
λ
(0)α
3 =
1√
6
∑
p=0,...,8
λ
(p,p)α
3 , (A15)
D(0)3 =
1√
6
∑
p=0,...,8
D(p,p)3 , (A16)
and, for u = 1, . . . , 8,
G(u)μ =
1√
6
G(0,u)μ +
1√
6
G(u,0)μ +
1
2
∑
p,t=1,...,8
(i f ptu + dptu)G(p,t)μ , (A17)
λ
(u)α
3 =
1√
6
λ
(0,u)α
3 +
1√
6
λ
(u,0)α
3 +
1
2
∑
p,t=1,...,8
(i f ptu + dptu)λ(p,t)α3 , (A18)
D(u)3 =
1√
6
D(0,u)3 +
1√
6
D(u,0)3 +
1
2
∑
p,t=1,...,8
(i f ptu + dptu)D(p,t)3 . (A19)
In (A9) and (A11),
G(p,t)∗μ = G(t,p)μ , (A20)
D(p,t)∗3 = D(t,p)3 , (A21)
so that G(u)μ and D(u)3 are real functions, while λ
(u)α
3 is a complex spinor field. The vector supermulti-
plet (G(u)μ , λ(u)α3 , D
(u)
3 ), u = 0, 1, . . . , 8 obeys the transformation law of the adjoint representation of
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U(3). As for the representation of SU(3) ⊂ U(3), Eq. (A4) is equivalent to decomposing the tensor
product 8 ⊗ 8 into the direct sum of irreducible representations and extracting the term of 1 ⊕ 8.
Next, we deal with the fluctuation due to the part of u[33]ab
B D
AC = (u
[3]
a )
B
A(u
[3]
a )
D
C . As for the repre-
sentation of SU(3), it is to extract (1 ⊕ 8) × (1 ⊕ 8) from irreducible representations into which the
tensor product (8 ⊗ 8) ⊗ (8 ⊗ 8) is decomposed, where × denotes the product of the representation
matrix. So we contract the tensor product as shown in the second term of (A3). We let V ′[33]i¯ j denote it.
Under the Wess–Zumino condition, we calculate the matrix elements of V ′[33]i¯ j :
1
2
(
V ′[33]1¯1
)C
A =
1
m20
∑
cacb
(
ϕ
[33]∗
ab
)A′ B′
AB
(
F [33]ab
)BC
A′B′
= 1
m40
∑
cacb
(
ϕ[3]∗a
)A′
A
(
ϕ
[3]∗
b
)B′
B
×
[(
ϕ[3]a
)B
A′
(
F [3]b
)C
B′ +
(
F [3]a
)B
A′
(
ϕ
[3]
b
)C
B′ −
(
ψ [3]a
)B
A′
(
ψ
[3]
b
)C
B′
]
= 1
m40
∑
cacb
[(
ϕ[3]∗a ϕ
[3]
a
)B
A
(
ϕ
[3]∗
b F
[3]
b
)C
B +
(
ϕ[3]∗a F
[3]
a
)B
A
(
ϕ
[3]∗
b ϕ
[3]
b
)C
B
− (ϕ[3]∗a ψ [3]a )BA(ϕ[3]∗b ψ [3]b )CB]
= 0. (A22)
Continuing with similar calculations, we see that the matrix elements vanish except for V ′[33]3¯1 . The
element V ′[33]3¯1 is given as follows:
1
2
(
V ′[33]3¯1
)C
A =
∑
a,b
cacb
[(
u¯
[33]
ab
)
3¯k¯
]A′ B′
AB Dk¯
[(
u
[33]
ab
)
1
]BC
A′ B′
= 1
m20
∑
cacb
[(
F [33]∗ab
)A′B′
AB
(
F [33]ab
)BC
A′B′
−i(ψ¯ [33]∗ab )A′B′AB σ¯ μ∂μ(ψ [33]ab )BCA′B′ + (ϕ[33]∗ab )A′B′AB (ϕ[33]ab )BCA′B′] ,
(A23)
m20
(
F [33]∗ab
)A′ B′
AB
(
F [33]ab
)BC
A′B′
=
(
ψ¯ [3]a ψ
[3]
a
)B
A
(
ψ¯
[3]
b ψ
[3]
b
)C
B
+ (terms that vanish by the WZ condition)
= −1
2
(
ψ¯ [3]a σ¯
μψ [3]a
)B
A
(
ψ¯
[3]
b σ¯μψ
[3]
b
)C
B, (A24)
m20
(
ψ¯
[33]∗
ab
)A′B′
AB σ¯
μ∂μ
(
ψ
[33]
ab
)BC
A′B′ =
(
ψ¯ [3]a σ¯
μψ [3]a
)B
A
(
ϕ
[3]∗
b ∂μϕ
[3]
b
)C
B +
(
ϕ[3]∗a ∂μϕ
[3]
a
)B
A
(
ψ¯
[3]
b σ¯
μψ
[3]
b
)C
B
+ (terms that vanish by the WZ condition), (A25)
m20
(
ϕ
[33]∗
ab
)A′B′
AB 
(
ϕ
[33]
ab
)BC
A′B′ =
(
ϕ[3]∗a
)A′
A
(
ϕ
[3]∗
b
)B′
B ∂
μ∂μ
(
ϕ[3]a
)B
A′
(
ϕ
[3]
b
)C
B′
= 2 (ϕ[3]∗a ∂μϕ[3]a )BA (ϕ[3]∗b ∂μϕ[3]b )CB
+ (terms that vanish by the WZ condition), (A26)
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so that
1
2
(V ′[33]3¯1 )
C
A
= 1
m40
∑
a,b
cacb
[
−1
2
(
ψ¯ [3]a σ¯
μψ [3]a
)B
A
(
ψ¯
[3]
b σ¯μψ
[3]
b
)C
B
− i
(
ψ¯ [3]a σ¯
μψ [3]a
)B
A
(
ϕ
[3]∗
b ∂μϕ
[3]
b
)C
B
−i
(
ϕ[3]∗a ∂μϕ
[3]
a
)B
A
(
ψ¯
[3]
b σ¯
μψ
[3]
b
)C
B
+ 2
(
ϕ[3]∗a ∂μϕ
[3]
a
)B
A
(
ϕ
[3]∗
b ∂
μϕ
[3]
b
)C
B
1
2
]
= −1
2
(
A[3]μ A
[3]μ
)C
A
. (A27)
Here, using (A14) and (A17), A[3]μ is given by
A[3]μ =
i
m20
∑
a
ca
[(
ϕ[3]∗a ∂μϕ
[3]
a − ∂μϕ[3]∗a ϕ[3]a
)
− iψ¯ [3]aα˙ σ¯ α˙αμ ψ [3]aα
]
= i
m20
∑
a
ca
[
2 ϕ[3]∗a ∂μϕ
[3]
a − iψ¯ [3]aα˙ σ¯ α˙αμ ψ [3]aα
]
=
∑
p=0,...,8
G(p)μ
λp
2
. (A28)
The internal fluctuation (A3) due to (A13), (A27) amounts to(
V [3]WZ
)
i¯ j
= V [3]i¯ j + V
′[33]
i¯ j
=
⎛⎜⎜⎜⎝
0 0 0
−i√2λ¯[3]α˙ σ¯ μα˙α A[3]μ 0
−D[3] − i∂μ A[3]μ − 2iA[3]μ ∂μ − A[3]μ A[3]μ −i
√
2λ[3]α 0
⎞⎟⎟⎟⎠ , (A29)
where
λ[3]α =
∑
p=0,...,8
λ
(p)
3α
λp
2
, (A30)
D[3] =
∑
p=0,...,8
D(p)3
λp
2
. (A31)
Repeating a similar calculation, the fluctuation for the opposite chirality sector is given by
(
V¯ [3]WZ
)
i j¯
=
⎛⎜⎜⎜⎝
0 0 0
−i√2λ[3]α σμαα˙ A[3]μ 0
D[3] − i∂μ A[3]μ − 2iA[3]μ ∂μ − A[3]μ A[3]μ −i
√
2λ¯[3]α˙ 0
⎞⎟⎟⎟⎠ . (A32)
A.2. U(2)
Here, we calculate the internal fluctuation due to a quaternion-valued function. The quaternion-
valued chiral multiplet (u[2]a )JI ∈ A+ ⊗AF is expressed in matrix form as follows:(
u[2]a
)J
I
=
⎛⎝ u(0)2a (x) + iu(3)2a (x) u(2)2a (x) + iu(1)2a (x)
−u(2)2a (x) + iu(1)2a (x) u(0)2a (x) − iu(3)2a (x)
⎞⎠J
I
= (τ0)JI u(0)2a (x) + (iτ1)JI u(1)2a (x) + (iτ2)JI u(2)2a (x) + (iτ3)JI u(3)2a (x). (A33)
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The matrix form of (u¯[2]a )JI ∈ A− ⊗AF is also given by
(
u¯[2]a
)J
I
=
⎛⎝u¯(0)2a (x) − iu¯(3)2a (x) −u¯(2)2a (x) − iu¯(1)2a (x)
u¯
(2)
2a (x) − iu¯(1)2a (x) u¯(0)2a (x) + iu¯(3)2a (x)
⎞⎠J
I
= (τ0)JI u¯(0)2a (x) − (iτ1)JI u¯(1)2a (x) − (iτ2)JI u¯(2)2a (x) − (iτ3)JI u¯(3)2a (x). (A34)
Developing (u¯[2]a )i¯ k¯(D(2))k¯l(u[2]a )l j with the aid of (A33), (A34), we obtain
∑
a
ca
[(
u¯[2]a
)
i¯ k¯
]I ′
I
Dk¯
[(
u[2]a
)
j
]J
I ′
=
∑
a
ca
⎡⎣⎧⎨⎩(u¯(0)2a )i¯ k¯ Dk¯(u(0)2a )j + ∑
m=1,2,3
(u¯
(m)
2a )i¯ k¯ Dk¯(u(m)2a )j
⎫⎬⎭ (τ0)JI
+i
∑
n=1,2,3
{
(u¯
(0)
2a )i¯ k¯ Dk¯(u(n)2a )j − (u¯(n)2a )i¯ k¯ Dk¯(u(0)2a )j
}
(τn)
J
I
+ i
2
∑
m,s,n=1,2,3
{
(u¯
(m)
2a )i¯ k¯ Dk¯(u(s)2a )j − (u¯(s)2a )i¯ k¯ Dk¯(u(m)2a )j
}
εmsn(τn)
J
I
⎤⎦ . (A35)
We also obtain the following expressions:
2
∑
a
ca(u¯
(m)
2a )i¯ k¯ Dk¯ (u(s)2a )j =
⎛⎜⎝ 0 0 0−i√2 λ¯(m,s)α˙2 σ¯ μα˙α A(m,s)μ 0
−D(m,s)2 − i∂μ A(m,s)μ − 2iA(m,s)μ ∂μ −i
√
2λ(m,s)α2 0
⎞⎟⎠ ,
(A36)
A(m,s)μ =
i
m20
∑
a
ca
(
ϕ
(m)∗
2a ∂μϕ
(s)
2a − ∂μϕ(m)∗2a ϕ(s)2a − i ψ¯(m)2a σ¯ μψ(s)2a
)
, (A37)
λ
(m,s)
2α = −
√
2
i
m20
∑
a
ca
(
F (m)∗2a ψ
(s)
2aα − iσμαα˙ψ¯(m)α˙∗2a ∂μϕ(s)2a
)
, (A38)
D(m,s)2 = −
1
m20
∑
a
ca
[
2F (m)∗2a F
(s)
2a − 2
(
∂μϕ
(m)∗
2a ∂μϕ
(s)
2a
)
+i
{
∂μψ¯
(m)
2aα˙ σ¯
μα˙αψ
(s)
2aα − ψ¯(m)2aα˙ σ¯ μα˙α∂μψ(s)2aα
}]
. (A39)
Substituting these into (A35), we obtain
V [2]1 = 2
∑
a
ca(u¯
[2]
a )i¯ k¯ Dk¯ (u[2]a )j =
⎛⎜⎝ 0 0 0−i√2 λ¯[2]α˙ σ¯ μα˙α A[2]μ 0
−D[2] − i∂μ A[2]μ − 2iA[2]μ ∂μ −i
√
2λ[2]α 0
⎞⎟⎠ , (A40)
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where
A[2]μ = 2
(
A(0,0)μ +
3∑
m=1
A(m,m)μ
)
τ0
2
+
3∑
n=1
⎛⎝2i (A(0,n)μ − A(n,0)μ )+ i 3∑
m,s=1
εnms
(
A(m,s)μ − A(s,m)μ
)⎞⎠ τn
2
= A(0)μ +
3∑
n=1
τn
2
A(n)μ , (A41)
A(0)μ = 2
(
A(0,0)μ +
3∑
m=1
A(m,m)μ
)
, (A42)
A(n)μ =
⎛⎝2i (A(0,n)μ − A(n,0)μ )+ i 3∑
m,s=1
εnms
(
A(m,s)μ − A(s,m)μ
)⎞⎠ . (A43)
In the same way, we have
λ[2]α = 2
(
λ
(0,0)
2α +
3∑
n=1
λ
(n,n)
2α
)
τ0
2
+
3∑
n=1
⎛⎝2i (λ(0,n)2α − λ(n,0)2α )+ i 3∑
m,s=1
εnms
(
λ
(m,s)
2α − λ(s,m)2α
)⎞⎠ τn
2
= λ(0)2α
τ0
2
+
3∑
n=1
λ
(n)
2α
τn
2
, (A44)
D[2] = 2
(
D(0,0)2 +
3∑
n=1
D(n,n)2
)
τ0
2
+
3∑
n=1
⎛⎝2i (D(0,n)2 − D(n,0)2 )+ i 3∑
m,s=1
εnms
(
D(m,s)2 − D(s,m)2
)⎞⎠ τn
2
= D(0)2
τ0
2
+
3∑
n=1
D(n)2
τn
2
. (A45)
As for V [22]2 , we employ similar operations to V
[33]
2 , (A23)–(A27), and obtain
(V [22]2 )3¯1 = −A[2]μ A[2]μ, the other elements = 0. (A46)
The V [2]1 and V
[22]
2 amount to the same form as (A29), replacing the upper indices [3], [33] with
[2], [22]:(
V [2]WZ
)
i¯ j
= V [2]i¯ j + V
′[22]
i¯ j
=
⎛⎜⎜⎜⎝
0 0 0
−i√2λ¯[2]α˙ σ¯ μα˙α A[2]μ 0
−D[2] − i∂μ A[2]μ − 2iA[2]μ ∂μ − A[2]μ A[2]μ −i
√
2λ[2]α 0
⎞⎟⎟⎟⎠ . (A47)
As for the opposite chirality sector, V¯ [2]WZ, we also obtain the same form as (A32), replacing the upper
index [3], [33] with [2], [22].
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A.3. U(1)
Choosing as the algebra the space of complex functions u
[1 j ]
a ( j = 1, 2, 3) in (34), (35), the
vector supermultiplet defined in (49)–(51) mediates U(1) gauge symmetry, of which the phase
m j ( j = 1, 2, 3) in Table 1 represents the quantum number of the u R, dR ,eR field, respectively.
A.4. U(3)⊗U(2), U(3)⊗U(1)
In Eq. (63), in addition to the elements in V [3]WZ, V¯
[3]
WZ,V
[2]
WZ, V¯
[2]
WZ, there exist elements that correspond
to the second and fourth terms for (r, r ′)=(2, 3),(3, 2). Under the Wess–Zumino gauge condition, we
calculate these terms as follows:
1
2
[(
V [23]2
)
1¯1
]J B
I A =
∑
a,b
cacb
[(
u¯
[23]
ab
)
1¯k¯
]I ′ A′
I A Dk¯
[(
u
[23]
ab
)
1
]J B
I ′ A′
=
∑
a,b
cacb
[(
u¯[2]a
)
1¯1¯
]I ′
I
[(
u¯
[3]
b
)
1¯1¯
]A′
A D1¯3
∑
k
[(
u[2]a
)
3k
]J
I ′
[(
u
[3]
b
)
k1
]B
A′
= 1
m40
∑
cacb
(
ϕ[2]∗a
)I ′
I
(
ϕ
[3]∗
b
)A′
A
[(
F [2]a
)J
I ′
(
ϕ
[3]
b
)B
A′
− (ψ [2]a )JI ′(ψ [3]b )BA′ + (ϕ[2]a )JI ′(F [3]b )BA′]
= 1
m40
∑
cacb
[(
ϕ[2]∗a F
[2]
a
)J
I
(
ϕ
[3]∗
b ϕ
[3]
b
)B
A −
(
ϕ[2]∗a ψ
[2]
a
)J
I
(
ϕ
[3]∗
b ψ
[3]
b
)B
A
+ (ϕ[2]∗a ϕ[2]a )JI (ϕ[3]∗b F [3]b )BA]
= 0. (A48)
In (A48), the contraction of indices of internal degrees of freedom corresponds to extracting the (3, 8)
representation in SU(2) ⊗ SU(3) ⊂ U(2) ⊗ U(3) from the tensor product (3, 8) ⊗ (3, 8). Repeat-
ing similar calculations, we have vanishing elements but (V [23]2 )3¯1. As for (V
[23]
2 )3¯1, we obtain the
following expressions:
1
2
[(
V [23]2
)
3¯1
]J B
I A =
∑
a,b
cacb
[(
u¯
[23]
ab
)
3¯k¯
]I ′ A′
I A Dk¯
[(
u
[23]
ab
)
1
]J B
I ′ A′
= 1
m20
∑
cacb
[(
F [23]∗ab
)I ′ A′
I A
(
F [23]ab
)J B
I ′ A′ − i
(
ψ¯
[23]
ab
)I ′ A′
I A σ¯
μ∂μ
(
ψ
[23]
ab
)J B
I ′ A′
+(ϕ[23]∗ab )I ′ A′I A (ϕ[23]ab )J BI ′ A′] , (A49)
where we have (
F [23]∗ab
)I ′ A′
I A = m0
[(
u¯
[23]
ab
)
3¯1¯
]I ′ A′
I A = m0
∑
¯
[(
u¯[2]a
)
3¯¯
]I ′
I
[(
u¯
[3]
b
)
¯1¯
]A′
A
= 1
m0
[(
F [2]∗a
)I ′
I
(
ϕ
[3]∗
b
)A′
A −
(
ψ¯
[2]
aα˙
)I ′
I
(
ψ¯
[3]α˙
b
)A′
A +
(
ϕ[2]∗a
)I ′
I
(
F [3]∗b
)A′
A
]
,
(A50)(
F [23]ab
)J B
I ′ A′ = m0
[(
u
[23]
ab
)
31
]J B
I ′ A′ = m0
∑

[(
u[2]a
)
3
]J
I ′
[(
u
[3]
b
)
1
]B
A′
= 1
m0
[(
F [2]a
)J
I ′
(
ϕ
[3]
b
)B
A′ −
(
ψ [2]αa
)J
I ′
(
ψ
[3]
bα
)B
A′ +
(
ϕ[2]a
)J
I ′
(
F [3]b
)B
A′
]
,
(A51)
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m20
(
F [23]∗ab
)I ′ A′
I A
(
F [23]ab
)J B
I ′ A′ =
(
ψ¯ [2]a ψ
[2]
a
)J
I
(
ψ¯
[3]
b ψ
[3]
b
)B
A
+ (terms that vanish by the WZ condition),
= −1
2
(
ψ¯ [2]a σ¯
μψ [2]a
)J
I
(
ψ¯
[3]
b σ¯μψ
[3]
b
)B
A, (A52)(
ψ¯
[23]
ab
)I ′ A′
I A = −m0
[(
u¯
[23]
ab
)
3¯2¯
]I ′ A′
I A = −m0
∑
¯
[(
u¯[2]a
)
3¯¯
]I ′
I
[(
u¯
[3]
b
)
¯2¯
]A′
A
= 1
m0
[(
ψ¯
[2]
aα˙
)I ′
I
(
ϕ
[3]∗
b
)A′
A +
(
ϕ[2]∗a
)I ′
I
(
ψ¯
[3]
bα˙
)A′
A
]
, (A53)(
ψ
[23]
ab
)J B
I ′ A′ = m0
[(
u
[23]
ab
)
21
]J B
I ′ A′ = m0
∑

[(
u[2]a
)
2
]J
I ′
[(
u
[3]
b
)
1
]B
A′,
= 1
m0
[(
ψ [2]aα
)J
I ′
(
ϕ
[3]
b
)B
A′ +
(
ϕ[2]a
)J
I ′
(
ψ
[3]
bα
)B
A′
]
, (A54)
m20
(
ψ¯
[23]∗
ab
)I ′ A′
I A σ¯
μ∂μ
(
ψ
[23]
ab
)J B
I ′ A′ =
(
ψ¯ [2]a σ¯
μψ [2]a
)J
I
(
ϕ
[3]∗
b ∂μϕ
[3]
b
)B
A +
(
ϕ[2]∗a ∂μϕ
[2]
a
)J
I
(
ψ¯
[3]
b σ¯
μψ
[3]
b
)B
A
+ (terms that vanish by the WZ condition), (A55)(
ϕ
[23]∗
ab
)I ′ A′
I A = m0
[(
u¯
[23]
ab
)
3¯3¯
]I ′ A′
I A = m0
∑
¯
[(
u¯[2]a
)
3¯¯
]I ′
I
[(
u¯
[3]
b
)
¯3¯
]A′
A
= 1
m0
(
ϕ[2]∗a
)I ′
I
(
ϕ
[3]∗
b
)A′
A , (A56)(
ϕ
[23]
ab
)J B
I ′ A′ = m0
[(
u
[23]
ab
)
33
]J B
I ′ A′ = m0
∑

[(
u[2]a
)
3
]J
I ′
[(
u
[3]
b
)
3
]B
A′
= 1
m0
(
ϕ[2]a
)J
I ′
(
ϕ
[3]
b
)B
A′, (A57)
m20
(
ϕ
[23]∗
ab
)I ′ A′
I A 
(
ϕ
[23]
ab
)J B
I ′ A′ =
(
ϕ[2]∗a
)I ′
I
(
ϕ
[3]∗
b
)A′
A ∂
μ∂μ
(
ϕ[2]a
)J
I ′
(
ϕ
[3]
b
)B
A′
= 2 (ϕ[2]∗a ∂μϕ[2]a )JI (ϕ[3]∗b ∂μϕ[3]b )BA
+ (terms that vanish by the WZ condition). (A58)
As a result, we obtain
[(
V [23]2
)
3¯1
]J B
I A
= 2
m40
∑
a,b
cacb
[
−1
2
(
ψ¯ [2]a σ¯μψ
[2]
a
)J
I
(
ψ¯
[3]
b σ¯
μψ
[3]
b
)B
A
− i
(
ψ¯ [2]a σ¯μψ
[2]
a
)J
I
(
ϕ
[3]∗
b ∂
μϕ
[3]
b
)B
A
−i
(
ϕ[2]∗a ∂μϕ
[2]
a
)J
I
(
ψ¯
[3]
b σ¯
μψ
[3]
b
)B
A
+ 2
(
ϕ[2]∗a ∂μϕ
[2]
a
)J
I
(
ϕ
[3]∗
b ∂
μϕ
[3]
b
)B
A
1
2
]
= −
(
A[2]μ
)J
I
(
A[3]μ
)B
A
=
[(
V [32]2
)
3¯1
]J B
I A
, (A59)
where the last equation is due to the commutativity of (A[2]μ )JI and (A
[3]μ)BA .
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Continuing with similar calculations for the opposite chirality sector, we obtain V¯ [23]2 expressed by[(
V¯ [23]2
)
3¯1
]J B
I A
=
[(
V¯ [32]2
)
3¯1
]J B
I A
= −
(
A[2]μ
)J
I
(
A[3]μ
)B
A
, the other elements = 0. (A60)
Adding D, D¯ and fluctuations due to the algebra that acts on the Q field, we obtain the fluctuated
Dirac operators D˜Q , ˜¯DQ in (64) and (65). The derived vector supermultiplets become an adjoint
representation of U(3) × U(2).
To the fluctuation of DM in the u R, dR sector due to the elements expressed by Eq. (68), similar
operations carry the same result as (A59), (A60) but with replacing the index [32] with [31], so that
we obtain (69) in which the vector supermultiplet (A(s)μ , λ(s)α , D(s)), s = u R(dR) becomes an adjoint
representation of U(3) × U(1).
Appendix B. Weak hypercharge U(1)
In this appendix, we will construct a vector supermultiplet corresponding to weak hypercharge. We
choose appropriate u
1 j
a , u
(k)
3a , k = 0, . . . , 8 in (A1) and u(k)2a , k = 0, . . . , 3 in (A34) such that we
obtain the following expressions:∑
a
ca
(
u¯[1]a
)
i¯ k¯
Dk¯
(
u[1]a
)
j
= m−11
∑
a
ca
(
u¯[11]a
)
i¯ k¯
Dk¯
(
u[11]a
)
j
(B61)
= m−12
∑
a
ca
(
u¯[12]a
)
i¯ k¯
Dk¯
(
u[12]a
)
j
= m−13
∑
a
ca
(
u¯[13]a
)
i¯ k¯
Dk¯
(
u[13]a
)
j
= z−12
∑
a
ca
⎧⎨⎩(u¯(0)2a )i¯ k¯ Dk¯ (u(0)2a )j + ∑
m=1,2,3
(
u¯
(m)
2a
)
i¯ k¯
Dk¯
(
u
(m)
2a
)
j
⎫⎬⎭
= 2
3
z−13
∑
a
ca
⎧⎨⎩(u¯(0)3a )i¯ k¯ Dk¯ (u(0)3a )j + ∑
p=1,...,8
(
u¯
(p)
3a
)
i¯ k¯
Dk¯
(
u
(p)
3a
)
j
⎫⎬⎭ . (B62)
This operation is to rewrite the notation of the vector supermultiplets as follows:
λ0
2
{
G(0)μ , λ
(0)
3α , D
(0)
3
}
= z3
{
Bμ, λ1α, D1
}⊗ 13, (B63)
τ0
2
{
A(0)μ , λ
(0)
2α , D
(0)
2
}
= z2
{
Bμ, λ1α, D1
}⊗ 12. (B64)
The derived internal symmetries U(2) and U(3) become SU(2) ⊗ U(1) and SU(3) ⊗ U(1), respec-
tively. These U(1) combined with the other U(1) shall become that of the weak hypercharge.
Using (B63), we can rewrite (A13), which is the fluctuation of D induced by u[3]a , as follows:
V [3]1 = z3
⎛⎜⎝ 0 0 0−i√2λ¯α˙1 σ¯ μα˙α Bμ 0
−D1 − i∂μBμ − 2iBμ∂μ −i
√
2λα1 0
⎞⎟⎠ 13
+
∑
p=1,...,8
⎛⎜⎝ 0 0 0−i√2 λ¯3(p)α˙ σ¯ μα˙αG(p)μ 0
−D(p)3 − i∂μG(p)μ − 2iG(p)μ ∂μ −i
√
2λ(p)α3 0
⎞⎟⎠ λp2 . (B65)
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In the same way, using (B64), we can rewrite the fluctuation (A40) as
V [2]1 = z2
⎛⎜⎝ 0 0 0−i√2λ¯α˙1 σ¯ μα˙α Bμ 0
−D1 − i∂μBμ − 2iBμ∂μ −i
√
2λα1 0
⎞⎟⎠ 12
+
∑
n=1,2,3
⎛⎜⎝ 0 0 0−i√2 λ¯(n)α˙2 σ¯ μα˙α A(n)μ 0
−D(n)2 − i∂μ A(n)μ − 2iA(n)μ ∂μ −i
√
2λ(n)α2 0
⎞⎟⎠ τn2 . (B66)
Through the above operations, the elements of the vector supermultiplet of the Q sector given in
(66) and (67) are described as follows:∑
p=2,3
A[p]μ =
Y
2
Bμ +
∑
n
τn
2
A(n)μ +
∑
u
λu
2
G(u)μ , (B67)
∑
p=2,3
λ[p]α =
Y
2
λ1α +
∑
n
τn
2
λ
(n)
2α +
∑
u
λu
2
λ
(u)
3α , (B68)
∑
p=2,3
D[p] = Y
2
D1 +
∑
n
τn
2
D(n)2 +
∑
u
λu
2
D(u)3 . (B69)
The vector supermultiplets of the right-handed quarks whose elements are (70) and those of leptons
can be rewritten as well. The quantum number Y that describes the strength of coupling between
{Bμ, λ1α, D1} and the quark or lepton is just a weak hypercharge. The matrix form of the weak
hypercharge is given by
Y
2
=
⎛⎜⎜⎜⎜⎜⎝
z2 + z3
m1 + z3 0
m2 + z3
0 z2
m3
⎞⎟⎟⎟⎟⎟⎠ :
Q
u R
dR

eR
. (B70)
The electric charge of a particle is expressed by
Q = τ3
2
+ Y
2
, (B71)
so that the values of the matrix elements shall be decided by⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
z2 + z3 = 16 ,
m1 + z3 = 23 ,
m2 + z3 = −13 ,
z2 = −12 ,
m3 = −1.
(B72)
The solution of (B71) is given by
m1 = 0, m2 = −1, m3 = −1, z2 = −12 , z3 =
2
3
. (B73)
Here we can verify that Tr Y = 0.
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